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Abstract

We present the results of calculation of transverse mode coupling instability (TMCI) thresh-
olds for Very Large Hadron Collider (VLHC). The estimates are done with use of conventional
approach and more sophisticated mode dynamics analysis. We found the RF system parame-
ters which allows to get appropriate TMCI threshold number of particles per bunch and attain
high luminosity of the collider. Alternative ways to raise the threshold are briefly discussed.

1 Introduction

The Very Large Hadron Collider(VLHC) [1] will have large circumference, that leads to domina-
tion of transverse instabilities in beam dynamics problems [2, 3]. Consideration done by J.Rogers
[2] concludes that dominant single bunch effect is the transverse mode coupling instability(TMCI)
driven by a broadband impedance. We redo estimates of the impedance budget and the TMCI thresh-
old using conventional approach and discuss observations at the Tevatron in Section 2. As most of
the impedance comes from resistive wall fields which are not constant over longitudinal coordinate
in a bunch s, then more sophisticated analysis is done in Section 3 with means of the method devel-
oped in [5]. We study dependence of the beam eigenfrequencies versus current and modes coupling
in the VLHC low-field option. In Section 4 we consider possible ways to increase the threshold in
the VLHC.

2 Rough estimates

Basically, the TMCI (or “strong head-tail instability ”) appears due to defocusing effect of the wake
fields induced by the head of the bunch on the bunch tail particles. In the presence of synchrotron
motion, there is a permanent exchange of head and tail particles that helps to avoid the instabil-
ity. The instability was observed at many electron storage rings which usually tend to increase the
synchrotron tune νs in order to stabilize the TMCI. To date there is no solid evidence of the “strong-
head tail” instability in proton machines [4]. Nonetheless, it is expected the proton TMCI will be
important at injection into the SPS, when it works with LHC parameters and in the VLHC. We have
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to note that for existing proton accelerators, stabilizing processes other than the synchrotron mix-
ing can play important role, for example, incoherent tune spread due to direct space charge and/or
broad-band impedance, or other sources of possible Landau damping. They are not yet analyzed
properly, and, therefore, it is not clear will they distort the picture of the TMCI at the VLHC or not.

After these precautions, we start with routine analysis of the mode coupling phenomena.
The transverse mode-coupling instability leads to fast beam break-up, and, therefore, sets strong

constraint on a broad band transverse impedance Z⊥. The threshold number of particles per bunch
Np can be estimated as [6]:

N th
p =

32π3/2(E/e)σsνs
3ecIm < Z⊥β⊥ >

(1)

where brackets < .... > mean averaging with the beta-function at locations of the impedance sources.
As it was pointed out in [2], transverse broad band impedance in the low-field VLHC is dom-

inated by resistive wall impedance. The latter can be estimated for round vacuum chamber with
radius a as:

Z⊥(ω) = (1− i)
Z0δR

a3
, (2)

where R is the radius of the machine, Z0 = 377Ω is the vacuum impedance, δ = c/
√

2πσω is the
skin depth at frequency ω, σ is the wall conductivity.

As the impedance depends on frequency, its effective value integrated over the bunch spectrum
is used1:

Z⊥ =

∑
n Z⊥(ω = nω0)e−(nω0σs/c)

2∑
n e−(nω0σs/c)2 . (3)

where ω0 = c/R and σs is the rms bunch length. Using (2, 3) one finds that

ZRW
⊥ =

Γ(1/4)√
π

Z⊥(ω = c/σs) = 2.05Z⊥(ω = c/σs). (4)

For σs = 10 cm long bunches in Al vacuum chamber with conductivity of σ = 3.2 · 1017c−1

the skin depth at ω = c/σs = 3 GHz is about 3.86 µm.
For other than round vacuum chambers, a geometry factor can be introduced. For example, it is

equal to RG ≈ 0.84 for elliptical vacuum chamber with minor half-aperture a two times less than
the major one [7], i.e.

ImZeff
⊥ ≈ 2.05 · 0.84

Z0Rδ(ω = c/σs)

a3
= 1.72

Z0Rδ(ω = c/σs)

a3
. (5)

Additional wide-band impedance of the ring can be estimated as a sum of impedances of its com-
ponents, such as bellows, BPMs, kickers, vacuum ports, tapers, etc. Most of these elements are dis-
continuities having resonant frequencies much higher than the frequencies within the bunch spec-
trum, and, therefore, they give rise to a mostly inductive impedance. At this stage of the VLHC ring
design we restrict ourselves with rough estimate, based on assumption that for every half FODO cell

1as will be discussed in the next section, this is the point of some uncertainty in the impedance estimates
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length of L = 250m, there are some discontinuities like aperture increase ∆ = 0.5mm and total
length of about g = 10cm, then

ImZ⊥ =
(Z

n

)
· 2R

a2
= −2R

a2
· Z0g∆

2πRa
×Nelements, Nelements = 2πR/L. (6)

Resulting impedance budgets for low-field and high-field options of the VLHC (some parame-
ters are taken from [2]), 3 TeV low-field injector with C = 34 km (with L ' 86m) and for the LHC
[8] are presented in Table 1.

Table 1 also presents the threshold bunch population for these machines at their injection ener-
gies where the TMCI is expected to be more dangerous.

For the low-field option of the VLHC the bunch intensity threshold determined by the TMCI
(mostly due to resistive walls) is equal to:

Nth ≈ 3.87 · 1010 ·
√

σs
10cm

· E

3TeV
· νs

0.01
· ( a

0.9cm
)3 · 550km

C
· 320m

< β >
. (7)

For example, one can expect that due to 4 times smaller beta-function and seven times longer
bunch length, the threshold in 3 TeV ring built with the same low-field magnet technology will be
about 10 times the threshold of the 50 TeV collider ring as long as acceleration ratio (top energy
divided by injection energy) and νs are the same for both rings.

It is useful to apply the above consideration to the Tevatron ring (see also Table 1). Assuming
stainless steel round vacuum chamber with a = 3.5cm, resistivity of ρ = 7.4 · 10−7 Ωm, the
rms bunch length of about 0.5 m and synchrotron tune 0.002 at the injection energy of 150 GeV,
< β >≈ 50 m, one gets

NTeV
th ≈ 4.6 · 1012, (8)

that corresponds to effective resistive wall broadband impedance of about 0.8 MΩ/m. Detailed
estimate of the impedance made by K.Y.Ng [9] gives total transverse impedance about 3-4 times
larger. There are some experimental evidences of the longitudinal broadband impedance as large as
(Z/n)TeV ∼ 10Ω [10]. From that one can estimate the transverse broadband impedance as Z⊥ =
2R(Z/n)/a2 = 10MΩ/m 2. For the given spread of the impedance of (3-10) MΩ/m we get the
threshold bunch populations of NTeV

th = (3.7−12) ·1011. Particle production at the Tevatron limits
maximum bunch population at the Tevatron at the level of about 3·1011, and that probably explains
why the TMCI was not observed at the Tevatron. As we mentioned at the beginning of this Section,
there is other factor which may play role and increase the TMCI threshold - the spread of betatron
tunes within the bunch. Such a spread takes place along the bunch (due to direct space-charge or/and
broad-band impedance) as well as across the bunch (due to direct space charge, octupole magnets,
beam-beam interaction, etc.) It is not clear now which of the spreads may lead to more effective
stabilization. Recent numerical studies [11] of the TMCI with direct space charge tune shift δQsc

have shown that the threshold grows approximately as R = 1 + ∆Qsc/νs. For the Tevatron at
injection

∆Qsc =
NprpR

2
√

2πσsεNγ2
≈ 0.001,

2in the estimate we used a = 4.5 cm, i.e. somewhat larger than for the vacuum chamber, because the aperture
is larger in the Tevatron injection and abort kickers which are thought to contribute significantly into the broad-band
impedance.
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(here εN ≈ 4 · 10−6 m is the rms normalized emittance, rp = 1.53 · 10−18m is the proton classical
radius, and we took Np = 3·1011) that may give additional 50% of the threshold increase. The direct
space charge tune shift and tune spread are negligible at high energies (e.g. for all machines we
considered above except 3TeV low-field injector ring with 150 GeV injection energy - the protons
will come from the Fermilab Main Injector). It would be of interest to observe the TMCI at the
Tevatron, for example, by increasing the transverse broad-band impedance of the ring and to study
the tune shift and the coupling of the transverse modes.

Table 1: Broadband Impedance Model and Threshold Bunch Intensities
(L-F is for low-field VLHC option, H-F - high-field option,

3TI - 3 TeV low-field VLHC injector ring, TEV is for the Tevatron)

Parameter L-F H-F 3TI LHC TEV

Circumference C , km 554 102 34 26.7 6.3

Top beam energy E, TeV 50 50 3 7 1

Injection energy Ei, TeV 3 3 0.15 0.45 0.15

Bunch length (inj.) σs, m 0.06 0.029 0.43 0.13 ∼0.5

Long. emittance (inj.) Arms, eV·s 0.3 0.04 0.2 0.13 ∼0.5

Synchr. tune νs 0.01 0.01 0.01 0.005 0.002

Beam pipe half-size a, cm 0.9 1.9∗ 0.9 1.9∗ 3.5

< β > m 320 255 82 71 50

Resistive wall (inj.) ImZ⊥, MΩ/m 235 0.7 38.5 0.35 0.8

Bellows, BPMS, etc. ImZ⊥, MΩ/m 18 7.3∗∗ 1.2 5.65 2-9

Total transverse ImZ⊥, MΩ/m 253 8.0 39.7 6.0 3-10

Total longitudinal Z/n, Ω 0.14 0.034∗∗ 0.15 0.14 2-10

TMCI threshold (inj.) Np/1011, Eq.(1) 0.27 5.5 2.5 5.4 3.7-12

RW threshold (inj.) NRW
p /1011, Eq.(10) 0.21 n/a 1.8 n/a n/a

∗- effective radius of square beam screen (3.4 cm side length) for the resistive wall estimates.
∗∗- from [2].
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3 Mode coupling simulations

As we know from preceding section, the most of the transverse impedance comes from the resis-
tive wall fields. These fields are not constant over the bunch longitudinal coordinate s. E.g., the
corresponding wake-function is given by [12]:

W (s) = − 2C

πa3

√
c

σs
, (9)

One can see, that the wake field has a singularity∝ 1/
√

s. That plays certain role in excitation
and coupling of particular modes, and the averaging over the bunch spectrum is not completely
correct: in fact, such averaging should be performed over different modes of transverse motion,
which are not known a priori. We used different approach to pursue the problem, following the
method developed in [5].
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Figure 1: Eigentunes (vertical axis) versus number of protons per bunch (horizontal axis). The
fractional part of the betatron tune is 0.1; upper lines present real part, and lower ones - imaginary
part of eigentunes.
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In our simulations, the bunch is divided into 4 radial and 5 azimuthal parts, so it is possible to
see the behavior of the first 4 radial and 5 azimuthal modes. It gives about few percent deviation
from the exact threshold current value for the first (0,+1,-1) modes coupling (see details in [5]). The
integrated wake kick Eq.(9) is applied once over the revolution period, that is a good approxima-
tion while the tune shifts due to impedance and synchrotron tune are much less than 1. The rest
of the lattice is presented as a linear transform matrix. Total transformation matrices including the
kick are different for different modes. Eigenvalues (eigentunes) of these modes can be calculated
numerically.

In Fig.(1) one can see the eigentunes versus number of protons per bunch. The parameters used
in this simulation are < β >= 600m, νs = 0.01, σs = 0.1m, E = 3TeV, C = 550km. The
fractional part of the betatron tune is equal to νβ = 0.1. We found that being far from low-order
resonances, the tune is not significant for the threshold estimations. There is a number of ”radial”
eigentunes with zero ”azimuthal” number around the betatron frequency at νβ±νs,±2νs. All these
modes for small current have zero oscillations of the dipole moment over the angle in synchrotron
phase space, and they have different dependence on the dipole moment over the synchrotron ampli-
tude (”radius” in synchrotron phase space). For each synchrotron sideband, there are several higher
”azimuthal” modes, whose tunes for small current are different from the betatron tune on a partic-
ular integer number of synchrotron tunes. This number means the eigenmode variation numbers
over the angle in the synchrotron phase space. As in the case of ”zero” azimuthal modes, there are
a lot of ”radial” modes for every azimuthal number.

With chosen parameters, the first merging of some ”zero” radial mode and some ”-1” radial
mode occurs for the number of protons in bunch equal to 1.2 · 1010. The next merging occurs for
approximately triple current (”0” radial and ”+1” radial modes). In both cases a pair of the modes
with equal real parts of the tune and with opposite imaginary parts of the tune appears; this, evi-
dently, gives unstable motion of the bunch.

Let us take into account the reduction factor of RG = 0.84 due to the beam pipe ellipticity, and
present the threshold obtained in the same form as Eq.(7):

Nth ≈ 2.7 · 1010 ·
√

σs
.1m
· E

3TeV
· νs

0.01
· ( a

0.9cm
)3 · 550km

C
· 320m

< β >
, (10)

This value is about 0.7 times the value we got with straightforward estimates above. Again,
worrisome intensity limitation in the VLHC occurs at the injection energy.

4 Luminosity and safety factor.

Now we can estimate luminosity of the low-field VLHC under assumption that the number of parti-
cles per bunch Np remains the same during the acceleration, normalized transverse emittance εn =
2.5mm ·mrad (or 95% emittance of 15π mm·mrad), beta-function at the interaction point of β∗ =
10cm, revolution frequency f0 = 0.5 kHz, and the collision energy of 50 TeV (γp = 5.1 · 104):

L = f0Nb

N2
pγp

4πεnβ∗
F(

σs
β∗

), (11)

where the geometrical luminosity reduction factor for round beams is F(x) = L(σs)/L(0) =

6



√
πxex

2
erfc(x), x ≡ β∗/σs. For 7 cm rms bunch length it leads to F ≈ 0.82 and one gets the

luminosity of

L/1034[s−1cm−2] = 0.73 · Nb

105
·
( Np

1010

)2
. (12)

Number of interactions per crossing due to inelastic interaction of protons with 132mb cross
section is about

nint = 28 · (L/1034) · 105

Nb
. (13)

One can see, from this formula, that, for the same luminosity,larger number of bunches is prefer-
able in order to decrease the number of particles per bunch and nint. The same preference occurs
for the parameter of the beam-beam interaction:

ξ =
rpNp

4πεn
≈ 0.0005 · Np

1010
, (14)

although the bunch intensity limitation due to the TMCI at the injection appears well before beam-
beam effects would be of importance.

Let us choose for definiteness the frequency of the RF accelerating cavities to be fRF = 500
MHz3, it is equal to h = 9 · 105 harmonics of the revolution frequency. If one fills every 9th bucket
then number of bunches is Nb = 105 and bunch spacing is 18 ns.

Other parameters of the collider are as follow: the half FODO cell length L = 250 m, betatron
phase advance per cell ψ = 90o, average beta-function < β >= 318 m, tune of the 554km-long
machine is about ν ≈ 275 that yields a momentum compaction factor α ≈ 1/ν2

x = 1.3 · 10−5.
In order to have synchrotron tune at the injection (at 3 TeV) of

νs =

√√√√ αheV0

2πEinj
= 0.01,

one needs to have the total RF voltage of V0 = 160 MV. That value correspond to some 10 minutes
ramp of the proton energy from 3 TeV to 50 TeV. With V0 = 640 MV RF voltage, the ramp is four
times faster and the synchrotron tune is 0.02.

Using all parameters presented above and Equation (10), we can calculate a safety factor of
S = Nth/Np versus luminosity (see Fig.2):

S =
1.79√
L/1034

at V0 = 160MV,

and

S =
3.01√
L/1034

at V0 = 640MV.

For example, the safety factor of S = 2 corresponds to L = 8 · 1033 s−1cm−2 with V0 = 160
MV and L = 2.26 · 1034 s−1cm−2 with V0 = 640 MV at the injection.

3powerful DC klystrons are available for such frequency at present time, both normal- and super-conducting RF
technologies at this frequency are well developed for electron-positron storage rings
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Figure 2: Safety factor S = Nth/Np vs luminosity. RF voltage at injection is 160 MV (solid line)
and 640 MV (dashed line).

The scaling of the safety factor S for fixed luminosity is:

S ∝ a3f7/8
RF V 3/8

0 < β >1/4 A1/4.

Thus, the most attractive ways are to increase the dipole magnet aperture or the RF frequency. Un-
fortunately, there is not too much freedom to vary these parameters, and therefore, it would be very
useful to consider other ways of improvement.

5 Ways to increase the TMCI threshold.

There were several attempts in the past to increase the TMCI threshold with use of a feedback sys-
tem. A resistive feedback doubles the threshold in PEP (see [13] and references therein) and in
VEPP-4M storage rings [14]. Sophisticated reactive feedback (oscillator-like) was tested at LEP
(CERN) and raised the threshold by 5% [15]. The conventional feedback at LEP didn’t help for
several reasons. Due to noises (or due to some other reasons) it didn’t work in essentially resistive
variant, but for reactive regime of work the ”-1” mode became unstable. The calculations also gave
the instability of ”+1” azimuthal mode for near-threshold current.

The difference for situation with the TMCI at LEP in comparison with the other machines is
its large synchrotron tune and large impedance between pickup and kicker. The VLHC parameters
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are closer to the VEPP-4M parameters, than to the LEP ones due to the fact, that their synchrotron
tunes are of the same order. So, it can be assumed, that conventional feedback has to help at VLHC,
as it does at the VEPP-4M collider. Special variants of feedbacks may also help to damp the TMCI
[5].

One more opportunity to counteract effectively the TMCI was considered recently in Ref.[16].
Introduction of a correlated tune spread from head to tail of the bunch using RF quadrupoles has
shown significant increase of the threshold if the spread is several times the synchrotron tune νs.
The idea is similar to the BNS-damping in linear electron-positron colliders [17] which was exper-
imentally proven as an effective way to counteract beam break-up in SLAC Linear Collider.
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